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We present optical fiber experiments investigating the perturbed, nonintegrable evolution of soliton
gases (SGs) under weak linear damping and gain. By measuring the amplitude and phase of the optical field
in a recirculating loop, we determine the spectral distribution of SGs at various propagation distances. We
demonstrate that a SG, initially prepared as a soliton condensate with a Weyl distribution, undergoes
significant changes in its spectral distribution due to dissipation. Specifically, weak gain leads to the
emergence of a bichromatic SG, while weak damping results in a SG with a semicircular spectral
distribution at long propagation distances. These observed dissipation-driven changes in the SG’s spectral
characteristics are not explained by existing hydrodynamic or kinetic theories.

DOI: 10.1103/hwpr-628r

Integrable turbulence (IT) refers to both a physical phe-
nomenon and a theoretical framework for studying the
dynamics of nonlinear random waves in systems governed
by integrable equations, such as theKorteweg-deVries (KdV)
equation or the one-dimensional nonlinear Schrödinger
equation (1D NLSE) [1–9]. In contrast to wave turbulence
[10–13], which addresses the behavior of out-of-equilibrium,
nonlinear random dispersivewaves in nonintegrable systems,
the theoretical framework underlying IT is the inverse
scattering transform (IST) method [14,15]. This distinction
provides a relevant perspective on the analysis of large-scale,
emergent hydrodynamic phenomena in integrable systems,
where soliton gas (SG) serves as a central concept [16–20].
SG can be defined as an infinite ensemble of interacting

solitons with randomly distributed amplitudes, velocities,
and positions [16,17,20]. The integrable dynamics, con-
strained by the existence of an infinite number of conserved
quantities, prevent SGs from achieving relaxation to the
classical Gibbs ensembles. Instead SGs exhibit local non-
thermal stationary states, the so-called generalized Gibbs
ensembles, which play a fundamental role in generalized
hydrodynamics (GHD), the hydrodynamic theory of many-
body quantum and classical integrable systems [21–25].
Currently, the out-of-equilibrium evolution of SGs repre-
sents an active area of research, explored using the spectral
kinetic theory of SGs and GHD [18,20,22,24].
Despite several experimental observations of SGs across

various physical systems [3,26–31], only a few experimen-
tal studies have questioned the validity of the spectral
kinetic theory of SGs in a quantitative way [32–34]. Several
experiments have demonstrated that while perturbative
higher-order effects are inevitably present, they break

integrability to such a negligible degree that the predictions
of kinetic theory still align closely with experimental results
[32,33]. In contrast, other experiments have demonstrated
that even small perturbative higher-order effects can sig-
nificantly alter integrable dynamics, leading to unexpected
behaviors not anticipated at the theoretical level [34]. For
example, a KdV soliton condensate has been shown to
emerge spontaneously as a result of weak dissipation in a
nonlinear electrical transmission line [34].
In this Letter, we present experiments investigating the

perturbed, nonintegrable evolution of optical SGs, which
reveal unexpected and remarkable changes in their spectral,
IST properties. Using a recirculating optical fiber loop that
allows precise control of either optical gain or losses, we
examine the growth and decay of IT in SG experiments,
accurately described by the focusing 1D NLSE with a weak
linear gain or damping term [35–37]. Our experiments
reveal that the SG, initially prepared as a soliton condensate
characterized by the Weyl distribution, undergoes signifi-
cant changes in its spectral distribution due to dissipation.
We find that a small amount of optical gain leads to the
emergence of a bichromatic SG. On the other hand, small
damping is found to alter the geometric shape of the IST
spectrum, resulting in a semicircular spectral configuration
at long evolution time. The dissipation-driven changes
observed experimentally in the spectral characteristics of
the optical SGs are not explained by existing hydrodynamic
or kinetic theories of SG.
Our experimental setup is depicted schematically in

Fig. 1. It comprises a recirculating fiber loop constructed
from ∼8 km of single-mode fiber (SMF), which is closed
upon itself using a 90=10 fiber coupler. This coupler is
configured to recirculate 90% of the optical power. The
optical signal circulates in the clockwise direction, and at*Contact author: stephane.randoux@univ-lille.fr
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each round trip, 10% of the circulating power is extracted
and directed to a photodetector (PD) connected to a fast
oscilloscope with a sampling rate of 160 GSa=s and a
bandwidth of 65 GHz. The overall detection bandwidth of
the oscilloscope and the PD is 32 GHz. The periodic
extraction of light at each round trip within the recirculating
fiber loop enables stroboscopic monitoring of the wave
field’s evolution every 8 km. The signals recorded by the
oscilloscope are subsequently processed numerically to
generate space-time diagrams that illustrate the dynamics
of the wave field over hundreds of round trips inside the
fiber loop [33,38,39].
A typical experiment involves circulating a long, flat-top

pulse (∼100 ns duration) for 400 to 800 round trips in the
fiber loop, corresponding to total propagation distances of
∼3200 km to ∼6400 km. The flat-top pulse is generated
using a fast electro-optic modulator (EOM) and is per-
turbed by a small amount of optical noise introduced by an
Erbium-doped amplifier prior to the pulse’s injection into
the fiber loop, see Fig. 1. As a result of the process of
modulation instability, the perturbed flat-top pulse evolves
into a fully randomized bound state SG [29,33,40–43].
The mean gain or loss of the optical signal over hundreds

of round trips in the fiber loop can be precisely controlled
through Raman amplification, using a counterpropagating
1450 nm pump laser coupled into and out of the loop via
wavelength division multiplexers (WDMs), as shown in
Fig. 1. By carefully adjusting the optical power of the pump
laser using a variable optical attenuator (VOA), we per-
formed experiments where the mean power of the optical
SGs is set to exponentially increase or decay at a given rate,
allowing us to explore both growing and decaying stages of
IT [35,36].
Capturing the changes in the IST spectrum experienced

by SGs during propagation is a significant challenge in

optics, as it requires simultaneous measurement of both the
amplitude and phase of the optical field. In this work, we
address this challenge using a heterodyne technique.
Specifically, the optical signal at the output of the recircu
lating fiber loop is mixed with a single-frequency reference
field that is detuned by approximately 45 GHz (equiv-
alently 0.361 nm) from the central frequency of the optical
signal. As illustrated in Fig. 1, the optical signal and the
detuned reference field are combined using a 50=50 fiber
coupler, with the output directed to a fast photodetector
(PD). The reconstruction of the optical field’s amplitude
and phase employs conventional signal processing tech-
niques that are described in the Supplemental Material [44].
Focusing first on experiments involving decaying IT,

Fig. 2(b) illustrates the space-time evolution of the optical
wave field power, experimentally observed as the mean
power PðzÞ of the flat-top pulse decreases from P0 ∼
11.5 mW to ∼2 mW over a propagation distance of
∼3200 km [see Fig. 2(a)]. At a qualitative level, the
experimentally reconstructed space-time diagram over a
narrow 5 ns time window closely resembles the space-time
patterns typically associated with the noise-driven modu-
lation instability of plane waves in systems governed by the
focusing 1D NLSE [39,45–50].
As shown in Fig. 2(e), the dynamical features observed

in our experiment are quantitatively well described by
numerical simulations of the following 1D NLSE with a
small linear damping term:

i
∂A
∂z

¼ β2
2

∂
2A
∂T2

− γjAj2A − i
αeff
2

A: ð1Þ

Aðz; TÞ represents the complex envelope of the electric field
that slowly varies in physical space z and time T. The Kerr
coefficient of the fiber is γ ¼ 1.3 W−1 km−1. The group
velocity dispersion coefficient is β2 ¼ −22 ps2 km−1.
αeff > 0 represents the effective power decay rate of the
circulating field. In the experiment presented in Figs. 2(a)
and 2(b), its value is αeff ∼ 5.8 × 10−4 km−1 or equiva-
lently ∼0.0025 dB=km.
Although the space-time diagrams in Figs. 2(b) and 2(e)

might suggest that dissipation has a negligible effect on the
noise-driven destabilization of the initial flat-top pulse, we
now show that the discrete IST spectra of the optical SG
reveal distinct features introduced by dissipation to the
dynamics. For the computation of the discrete IST spectra,
we first introduce the following dimensionless form of the
focusing 1D NLSE [37,48]:

iψ t þ ψxx þ 2jψ j2ψ þ iϵψ ¼ 0; ð2Þ

which is obtained from Eq. (1) using the following trans-
formations: ψ ¼ A=

ffiffiffiffiffiffi
P0

p
, x ¼ T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γP0=jβ2j

p
, t ¼ γP0z=2,

ϵ ¼ αeff=ðγP0Þ [33].

FIG. 1. Experimental setup. A SG, initially in the form of a
100 ns-long flat-top pulse at 1550 nm, perturbed by optical noise,
propagates through a recirculating fiber loop where the optical
gain or loss rate can be precisely controlled through Raman
amplification using a 1450 nm pump laser. Measurement of the
amplitude and the phase of the optical signal is made using a
heretodyne technique where the optical signal at the output of the
fiber loop is mixed with a single-frequency laser at 1550.361 nm.
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Within the IST formalism, the non-self-adjoint
Zakharov-Shabat eigenvalue problem that is associated
with Eq. (2) for ϵ ¼ 0 reads [51]

L̂Φ ¼ λΦ; L̂ ¼
�
−i∂x −iψ
−iψ� i∂x

�
: ð3Þ

Φðx; λÞ is a vector wave function. λ∈C represent the
eigenvalues composing the discrete spectrum associated
with the soliton content of the field ψ ¼ ψðx; tÞ that is
measured at some given evolution time t (equivalently at
some given propagation distance z in the experiment).
Each soliton in a soliton gas, consisting of an ensemble
of N solitons, is characterized by a discrete eigenvalue
λj ¼ ξj þ iηjðj ¼ 1;…; NÞ of the spectrum of the linear

operator L̂, where ξj and ηj parameterize the velocity and
amplitude of each soliton, respectively. Importantly, inte-
grable dynamical evolution [implying ϵ ¼ 0 in Eq. (2)]
entails an isospectral property, meaning that all the discrete
eigenvalues λj remain invariant with respect to the evolu-
tion variable t.
The discrete IST spectra of the optical SG are computed

from the normalized experimental complex fields ψ ¼
A=

ffiffiffiffiffiffi
P0

p
by solving numerically Eq. (3) using the Fourier

collocation method described in Ref. [51]. The output of
this numerical calculation is an ensemble of several
hundreds of discrete, complex-valued eigenvalues λj that
are located in a bounded region of the upper complex plane.
Given the large number of discrete eigenvalues that are
found from nonlinear spectral analysis, we follow the
approach used in the kinetic theory of SG and compute
the so-called density of states (DOS) fðλ; x; tÞ of the SG.
The DOS fðλ; x; tÞ, where λ ¼ ξþ iη, represents the

density of soliton states in the phase space, i.e., fdξdηdx is

the number of solitons contained in a portion of SG with the
complex spectral parameter λ∈ ½ξ; ξþ dξ� × ½η; ηþ dη�
over the space interval ½x; xþ dx� at time t (corresponding
to the position z in the fiber loop experiment). Given that
the optical SG is spatially homogeneous, the DOS repre-
sents the probability density function of the complex-
valued discrete eigenvalues normalized in such a way thatRþ∞
−∞ dξ

Rþ∞
0 dηfðλÞ ¼ N=Δx, where N represents the

number of eigenvalues found in the upper complex plane
and Δx represents the spatial extent of the gas [19,30].
In practice, the experimental DOS is computed not from

a single flat-top pulse, but from three identical flat-top
pulses, each evolving independently within the fiber loop
during the same experimental run. Assuming minimal
variation in the IST spectra over short propagation dis-
tances, the DOS is calculated by averaging the IST spectra
of the three pulses collected over a 80 km propagation span,
as highlighted by the gray-shaded regions in Fig. 2(a). The
statistical computation of the DOS involves an ensemble of
∼23 200 (resp. ∼18 300) discrete eigenvalues at z ¼ 0 km
(resp. z ¼ 1920 km).
Figure 2(d) shows the DOS of the flat-top pulse

perturbed by small optical noise that is taken as the initial
condition in the experiment (z ¼ 0 km). As it can be easily
anticipated from previous works [40], we find that the
measured DOS is very well fitted by the Weyl distribution
fWðηÞ ¼ η=ðπ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − η2

p
Þ located along the vertical imagi-

nary axis ξ ¼ 0 [see also Fig. 4(a)]. Because of dissipation,
the isospectrality condition characteristic of integrable
dynamics is not expected to be satisfied in our experiment.
However, since the damping effects are small [ϵ ≃ 0.038 in
Eq. (2)], IST analysis remains a relevant tool for examining
the evolution of the optical SG. Figure 2(c), computed at
z ∼ 1900 km, shows that optical damping transforms the

FIG. 2. Experiments and numerical simulations showing the evolution of an optical SG in a recirculating fiber loop in the presence of
small damping. (a) The black points represent the measured power of the SG as a function of the propagation distance z. The red line
represents the evolution of the optical power computed in numerical simulations. The green points (resp. line) represent the number of
discrete eigenvalues λi measured in the experiment (resp. computed in numerical simulations) as a function of z. (b) Space-time
evolution of the optical power of the SG measured in the experiment. (c) DOS of the optical SG measured at z ¼ 1920 km in the upper
complex plane. (d) DOS of the initial condition. (e) Same as (b) but from numerical simulations of Eq. (1) with γ ¼ 1.3 W−1 km−1,
β2 ¼ −22 ps2 km−1, αeff ∼ 5.8 × 10−4 km−1, Pðz ¼ 0Þ ¼ P0 ¼ 11.5 mW. (f),(g) Same as (c) and (d) but computed from simulations
reported in (e). (h),(i) Same as (f) and (g) but including noise and finite bandwidth effects in the heterodyne measurement, see
Supplemental Material [44] for details.
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spectral support of the DOS in the upper complex plane,
reshaping the vertical linear support of the initial Weyl
distribution into a semicircular one. It is important to note
that the concept of a circular spectral support for the DOS
of a SG was introduced mathematically in Ref. [18], but
without any expectation that this class of SGs could be
observed experimentally nor that it could emerge from a
nonintegrable evolution. It is also worth noting that our
experiments demonstrate a transition from a soliton
condensate to a circular SG, rather than to a circular
condensate.
As shown in Figs. 2(f) and 2(g), the dissipation-driven

changes of the geometrical support of the DOS are also
found in numerical simulations of Eq. (1) that are made
with the experimental parameters. It is noteworthy that the
DOS obtained from numerical simulations of Eq. (1),
shown in Fig. 2(f), exhibits a perfectly symmetric shape
that is not found in the experiments, as seen in Fig. 2(c).
This slight discrepancy between the experimental and
numerical DOS, along with the blurrier appearance of
the experimental DOS, is attributed to noise and finite
bandwidth effects in the heterodyne measurement of
the optical field’s phase and amplitude, as illustrated in
Figs. 2(h) and 2(i) and discussed in more detail in
Supplemental Material [44]. Let us also emphasize that,
with the constant loss rate, the optical SG never attains a
steady state and the circular support of the DOS contin-
uously undergoes homothetic evolution; see the
Supplemental Material [44] for more details on the DOS
evolution.
Next, we examine another dissipative experiment in

which the optical SG undergoes a linearly amplified
evolution instead of a damped one. Increasing the power
of the 1450 nm pump laser, we now consider a situation in
which the mean optical power of the SG increases from

∼2 mW to ∼4 mW over ∼6300 km, as shown in Fig. 3(a).
Figure 3(b) reveals that the space-time evolution of the
optical SG looks qualitatively different from the situation
with damping reported in Fig. 2(b). Following the initial
destabilization of the flat-top pulse, individual nonlinear
structures with small relative velocities are observed to
form and persist within the fiber loop. At a qualitative level,
the observed space-time evolution shows remarkable simi-
larities to that reported in previous numerical studies on
growing IT, even though these studies considered a
completely different initial condition [36].
Figures 3(c) and 3(d) illustrate that the DOS of the SG,

initially in the form of the Weyl distribution, essentially
evolves into two distinct clustered distributions. One of these
clusters is centered around λ0 ≃ 1.8i, while the other is
centered around λ1 ≃ 0.3i. Here, the statistical computation
of the DOS involves an ensemble of∼10 700 (resp.∼12 100)
discrete eigenvalues at z ¼ 0 km (resp. z ¼ 6320 km). The
fact that Reðλ0Þ ∼ Reðλ1Þ ∼ 0 is the spectral signature of all
solitons in the amplified SG exhibiting small velocities, in
stark contrast to the scenario depicted in Fig. 2(c), where
damping was shown to broaden the soliton velocity distri-
bution. The difference between Imðλ0Þ ≃ 1.8 and Imðλ1Þ ≃
0.3 indicates that the SG formed at z ∼ 6300 km is predomi-
nantly composed of two distinct species, characteristic of a
bichromatic SG [17,32].
Figure 3(e) shows that the space time evolution observed

in the experiment is well reproduced by numerical simu-
lations of Eq. (1) for αeff ∼ −1.1 × 10−4 km−1, correspond-
ing to ϵ ¼ −0.042. Figures 3(f)–3(i) show that the features
observed experimentally in terms of evolution of the DOS
are also found in numerical simulations that include noise
and finite bandwidth effects due to the heterodyne meas-
urement of the optical field’s phase and amplitude, see
Supplemental Material [44] for details.

FIG. 3. Experiments and numerical simulations showing the evolution of an optical SG in a recirculating fiber loop in the presence of
small gain. (a) The black points represent the measured power of the SG as a function of the propagation distance z. The red line
represents the evolution of the optical power computed in numerical simulations. The green points (resp. line) represent the number of
discrete eigenvalues λi measured in the experiment (resp. computed in numerical simulations) as a function of z. (b) Space-time
evolution of the optical power of the SG measured in the experiment. (c) DOS of the optical SG measured at z ¼ 6320 km in the upper
complex plane. (d) DOS of the initial condition. (e) Same as (b) but from numerical simulations of Eq. (1) with
αeff ∼ −1.1 × 10−4 km−1, Pðz ¼ 0Þ ¼ P0 ¼ 2 mW. (f),(g) Same as (c) and (d) but computed from simulations reported in (e). (h),
(i) Same as (f) and (g) but including noise and finite bandwidth effects in the heterodyne measurement, see Supplemental Material [44]
for details.
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In our experiments, dissipation significantly alters the
mass MðtÞ ¼ Rþ∞

−∞ jψðx; tÞj2dx, or equivalently, the mean
power, PðzÞ ¼ Rþ∞

−∞ jAðT; zÞj2dT, of the optical SG, see
Figs. 2(a) and 3(a). However, the total number of discrete
eigenvalues, NðzÞ, does not vary in proportion to the
changes in mass. In Fig. 2(a) the mass decreases by a
factor ∼6, while N changes by only ∼20% during the
evolution. Similarly, in Fig. 3(a), the mass approximately
doubles but N changes by only 10% during the evolution.
This indicates that the changes in the mass of the optical
SGs are not primarily caused by the creation or annihilation
of soliton states, but rather by the rearrangement of the
DOS in the upper complex plane.
To substantiate this point in a more quantitative way, we

consider the expression of the mass of SG given by the
spectral kinetic theory:

M ¼ 4

Z þ∞

0

ηf̃ðηÞdη ¼
Z þ∞

0

ρðηÞdη; ð4Þ

where f̃ðηÞ ¼ Rþ∞
−∞ dξfðξ; ηÞ represents the DOS fðξ; ηÞ

that has been integrated over the real axis ξ [18,19]. ρðηÞ ¼
4ηf̃ðηÞ represents the spectral density of mass with respect
to η.
Figure 4(a) illustrates that the spectral density of mass,

ρðηÞ, for the initial bound-state SG closely matches the
spectral density ρWðηÞ ¼ 4ηfWðηÞ, which corresponds to
the Weyl distribution. In contrast, Fig. 4(b) shows how
experimental damping significantly alters ρðηÞ, transform-
ing it into a bell-shaped distribution centered around η ≃
0.4 (green histogram). On the other hand, linear amplifi-
cation of the SGs results in the development of an
asymmetric distribution of the spectral density [gray
histogram in Fig. 4(b)], with its peak shifted to approx-
imately η ≃ 1.8. The mass associated with the cluster of
eigenvalues centered around λ1 ≃ 0.3i constitutes only a
few percent of the total mass of the formed bichromatic SG,
see Supplemental Material [44] for details.

In conclusion, we have presented optical fiber experi-
ments exploring the perturbed evolution of SGs under the
influence of small linear damping and gain. Our experiments
reveal that dissipation-induced changes in the mass (equiv-
alently, in themean power) of optical SGs are predominantly
driven by a redistribution of the DOS in the upper complex
plane, rather than by the creation or annihilation of soliton
states. This feature contrasts with recent findings in the
perturbed evolution of KdV SGs, see Ref. [34]. Previous
studies investigating dissipative evolution in NLS systems
have primarily focused on ensembles containing only a few
solitons, employing approaches such as numerical simu-
lations or perturbed IST theory [52–56]. We hope that our
experiments, which explore large ensembles of interacting
solitons with random characteristics, will inspire theoretical
investigations using GHD, possibly building on previous
studies of one-dimensional Bose gases with atom losses
[57,58]. Furthermore, our experiments demonstrate that
higher-order perturbative effects can be exploited tomanipu-
late the spectral (IST) characteristics of SGs, offering new
experimental opportunities.
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